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Derivation of the Quantum Vlasov Equation and Dispersion Relation
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The selfconsistent field equation (Viasov equation) is derived for the one-particle Wicner func-
tion of a relativistic electron-positron gas. From the linearized form we obtain the dispersion rela-
tion for any quasi-equilibrium state, which for the special case of thermal equilibrium has already

been derived by Tsyrovicn 1.

Recently some interest has arisen in the investi-
gation of relativistic quantum plasmas. Such con-
ditions, where temperature or density are high
enough that relativistic quantum effects such as pair
production become important, may exist in the in-
terior of some far evolved or very massive stars.
There exist already a number of papers that treat
the relativistic electron-positron gas in thermal equi-
librium especially in the strongly degenerate case
which is practically the most important one™3. It
seems nevertheless to be of some inherent interest
to study the relativistic electron gas out of equi-
librium. For such cases the WieNEr function method,
which has been successfully applied for the treat-
ment of nonrelativistic nonequilibrium plasmas 4,
appears to be rather convenient. Using this method
BaLescu ® recently made some first advances toward
a general treatment of quantum statistical mechanics
of relativistic charged particles. Such a program is
certainly very hard to carry out because in addition
to the problems arising from the many-particle
aspect one is sure to encounter all the difficulties of
ordinary quantum electrodynamics. In this note we
only want to rederive the dispersion relation of a
relativistic electron gas already derived and discus-
sed for thermal equilibrium by Tsyrovica! (and in
particular for T'=0 by Jancovict 2). This alternative
derivation is more general as it applies to all “quasi-
equilibrium” distributions (which are possible if one
neglects collisions), and thus allows an investigation
of their stability.

1 V. N. Tsyrovich, Soviet Phys.—JETP 13, 1249 [1961].

2 B. Jaxcovici, Nuovo Cim. 25, 428 [1962].

3 T. Hamapa and Y. Nakamura, Progr. Theor. Phys. 36, 465
[1966].

Selfconsistent Field Equation for the
One-Particle Wigner Function

We consider an electron-positron gas enclosed in
a volume 2 and neutralized by a positive ion back-
ground, such that N_. — N, =N =const, N_, N, be-
ing respectively the number of electrons and posi-
trons. Then the Hamirtonian becomes (we use the
ScHRODINGER picture throughout) ¢:

H=2>:y"(p) (a'p+pm) p(p) :+§)kaimw.
P A
_e%:w+(p+k) atyp(p): A4, (k) +Hy,,

P>

¥(®) = G 2 v (P) expfipa},
4,(x) = 2 4,(k) exp{i k-x}
= ’%1/%0” e (am+aiw) exp{ik-x}, (1)

at =90y = (1,a), metric tensor ¢ = (+ — — —).
The sign : ... : indicates the normal product in the
usual sense of field theory. The term Hy, in (1) re-
presents the interaction of the positive background
with the electromagnetic field, which will play no
part in the following considerations.

w(p) contains the destruction operator of an
electron and creation operator of a positron,

p(p) =y (p) +v™ (p)

[originally defined in the interaction picture as po-
sitive and negative frequency parts of v (p) ], which
obey the well known commutation relations

{p®2(p), yFE(p")}, =dpp AT (p),  (2)

4 Vide e. g. W. R. CnarpeLr and W. E. Brirriy, Phys. Rev. 146,
75 [1966].

5 R. Baiescu, Physica 31, 1599 [1965].

¢ We use units h=c=1.
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where A7 (p) are respectively the projection opera-
tors on positive and negative free particle energy
states:

Ept (a-p+fm)

AF (p) _ T , EP= (p2+m2)1/=. (3)

The commutation relations of a k2, a1 are the usual
laks, akr] - =Ork 05y . (4)

As a generalisation of the nonrelativistic concept*
relativistic WicNEr functions are to be defined as
statistical averages over normal products of the field
operators to provide for their vanishing in the va-
cuum state (no particles and photons present). In
particular the one-particle WrieNer function be-
comes:

A (p,x,0) = *2,,)3 2 Tr{o() : w*(p +k/2)

v (p-K/2):}exp{ik-x} (5)

with the normalisation

!{d%fdsp Sp{f(p.x,t)} =N

(Tr{o...} refers to the statistical mean while
Sp{...} indicates the trace with respect to spinor
indices). If f#(p,x,t) is known one can calculate
the mean of every one-particle dynamical quantity

g f"’@"‘)ﬂ(“ (p~K/2) +Bm)¥ 7 (p, k) i 7 (p, K

2 [ (@) (:y* (p+1/2) yr(p—K/2—K): 4,(K))
W' (p+K/2+K) v (p—K/2): 4,(K) )]
_A+(p—'k/2) aﬂ]“ﬂ(A“(_k)), (7)

¢ 1)3
(a#)rﬂ(
+ie—(2f1)3 [a* A* (p +K/2)

(3, 82 ) (4n)) = —ame &7

2 3 5p {o* f(p, -
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0 (x, ),

x2(x,8) =[d% Sp {x(x,p) f(x,p, D)},  (6)
where eventually some divergence arising from ra-
diative corrections of pure vacuum terms must be
eliminated by the usual renormalization.

In contrast to the definition of the WicNer func-
tion given above, BaLEscu ® seems to consider v (p)
(w*(p)) as the destruction (creation) operator of a
so called chargeon and to require normal ordering
only with respect to w*(p), w(p). Evidently the
one-chargeon function would then be positive defi-
nite although it is supposed to describe the distribu-
tion of charges of both signs. This definition cor-
responds to a HiLBerT space where in the sense of
the Dirac hole theory no negative energy states are
occupied. Since in this case transitions of positive
energy electrons to negative energy states are pos-
sible, one has the paradoxial result that the system
even if in thermal equilibrium is unstable at suffi-
ciently high frequencies. We shall come back to this
point in the next section.

Starting from the equation for the density opera-
tor, Jo/St= —i[H,0(t)], and using the HamiLTon-
ian (1) and the commutation relations for v and a,
we obtain the equations for the Fourier transform
of the Wicner function, f(p, K), and the mean po-
tential, (A4,(k)) ((...) stand for Tr{o. }) s

) (« (p+K/2) +m) =

k) }= daj (k). ®8)

These are the first equations of an infinite hierarchy involving more and more complex WieNEr functions.
To the lowest order (neglecting all correlations) 7 the function (:%" vy :A) is just the product f(4),
and (7) takes the form of a selfconsistent field equation:

§, f(p. k) +i(a (p—K/2)+Bm)[(p, k) —i (P, k) (o (p+K/2) +Bm)
—ie2 [ f(p-K/2k+K)—f(p+K/2,k+k) o] (4,(0)) (9)

+ g s [0 AT (P +T[2)

— A (p—K[2) o#] (A.(~K)) .

Eq. (9) has been given by Siuix and Ruknapze 8 without the last term. Though negligeable in the particular

7 Smallness parameter is a=e2/h ¢ for the degenerate case,
e2n's/k T=a(h/mc) n's*m c*/k T for the nondegenerate
case.

8 V.P. Sy and A. A. Ruknapze, Soviet Phys. —JETP 11, 463
[1960].
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case treated in their paper, this term (which arises from the definition of f* as a normal product) cannot
in general be omitted. — Since we disregard external fields, (4,(0)) =0, and (9) reduces for a homo-

geneous distribution to

3f(p)

5, Tilep+pm)f(p)—if(p)(ap+pfm)=0.

(10)

For a homogeneous system one can always choose the states of the density matrix at the initial time such
that A*(p) f(p,t=0) A" (p) =0. Then it follows from (10) that this quantity remains zero for every later
time and f(P) is constant in time. It is just the difference of the electron and positron distributions in

momentum and spinor space, f(P) =[A"(p) +A*(P)]1f(P) =f (P) - (p).

The Dispersion Relation

We now linearize (9) about a homogeneous unperturbed state and take the Fourier transform with
respect to ¢ in the sense of switching on the interaction “adiabatically”:

o [V (p, k, ) + (@ (p—k/2) +m) [V (p, K, ») —f(p, k, ») (& (p+K/2) +m)

=e[a* ' (p + K/2) - f*(p - K/2) a*] (4.(~k, —w))

(11)

+ gy [ AT (P+K[2) - A (p K204 (4, (=K, —w)) .

From the solution of (11) we find the current:

j(k, ) =11* (k, w) A, (k, ®) = —efd3p Sp {a* fO (p, -k, — )},

II1* (k, w) = e2d3p Sp {

A" (p+k/2) @ fo (p—K/2) —a* fo" (P + K/2) & A" (p — K/2)

Ep+h/2—Ep—k/2+a)+i77

+ ,,,,,

Epivpg—Ep-rg—w—in

(12)

, AP [y (= K/2) —a fy" (P +/2) A (p— ]2
Ep+ k‘2+Ep—k_/2+w+i7]

ot A" (p+Kk/2)o fo" (p —K/2) —a* fy” (p + k/2) A+ (p—K[2)
e .
Ep+ k/g—}-Ep— kg—W—17M

The w+i%n (= +0) in the denominators indicate
the way of integration.
The last term 011 arises from

e2
Hyr= 50 f dp
s {l"‘/ﬁ(PJrk/Z) @ A4 (p—k/2).
¥ Epiwe+Ep-rp—w—in
a* A”(p + k/2) o 4" (p —K/2) |
s SRl 2 WS, (13
W Eprwe+Eparo+o+in | (13)

which does not vanish in the limit f* =0, and di-
verges. For real o, II* is just the vacuum polari-
sation part which is well known from quantum elec-
trodynamics and which can be renormalized in the
usual way. The only difference, which does not af-
fect the renormalization, is the fact that (13) is not
a causal but a retarded function (w = w + 7 instead

} + 011 (k, w).

of w?=w?—in). This has the advantage, compared
to the derivation of Tsyrovica!, that I7# has the
correct imaginary part needed for the dispersion re-
lation. The real part of the remaining expression
011y is practically always negligeable; the imagi-
nary part, however, is important, as it inhibits the
system at thermal equilibrium from becoming un-
stable at very high frequences (pointed out by Tsy-
tovicH !, and independently by Prirsch).

Since the components A* are not independent
because of the Lorentz condition, the equation
(w?—k?) A“4-4 711" A, =0 does not lead directly
to the dispersion relation D(w, k) =0. Using

EA=wA® and Kk Il*=w I1%,
one finds the dispersion relation in the usual form:

D(w, k)=det| K ki — 8 k2 +weii =0 (14)
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and ¢/ has the form

o Kkiki o KiEi
e 2 2l ij t
&= —s &+ (6 2 )a

where ¢ is the dielectric tensor given by the ex-
pression

(17)

i _ X7 r7ii
g ? . (5)  for every isotropic system. For this case (15) re-
For fhermel st we R duces to the expressions given by Tsyrovicu !,
A7 (p) The author is very much indebted to Dr. D. Prirscu
fF(p)=—— ,””’_)_ (16)  for his interest in this work and many valuable discus-
L+exp{(Ep ¥ 1) [k T} sions.

Die Hochfrequenz-Resonanz-Sonde *

GUNTER PETER **
Institut fiir Plasmaphysik, Garching bei Miinchen

(Z. Naturforschg. 22 a, 872—890 [1967] ; eingegangen am 9. Februar 1967)

Dc and ac currents to a rf resonance probe were investigated experimentally in the frequency
range from 1 to 100 Mc/s in a quiescent Cesium plasma. The measurements in the plasma are ex-
plained by calculations and measurements with a lumped-constant equivalent network (“plasma
simulator™).

It is shown that the ac current to the probe is strongly influenced by the capacitance of the
cable leading to the probe. A device to compensate this cable-capacitance is developed and used.
Furthermore, it is shown for the first time that the double (or devided) main resonance maximum,
occurring frequently with dc and ac currents to the resonance probe, is generally due to the in-
fluence of a second reference electrode.

A simple and direct (“focus”) method for very precise plasma density determination (from the
intersection point of the rf-current-vs.-frequency curves with probe voltage as parameter) is devel-
oped and compared with ac transmission current and Laxemuir probe measurements at plasma
densities between 2X10% and 3 X107 cm—3. Agreement is obtained between these three experimental
methods within their margins of error. The comparison leads to a better understanding of the meas-
ured Lanxemuir characteristic and of the Cs-plasma of the “Alma I”” device.

1.1 Einfiihrung gen, in Abhingigkeit von der Frequenz aufgetragen,
ein Resonanzmaximum bei der Resonanzfrequenz f, ,
die in der Nahe, aber stets unterhalb der Elektronen-
Plasmafrequenz

fo=V(n.e?)/(wm,) =8,97-103 Vn, (Hz;cm™3)
(1)

liegt (n. bzw. m,=Elektronendichte bzw. -masse,
e = positive Elementarladung). Der Zusatzgleich-
strom I_ ist unterhalb der Resonanz (fiir f < f;)
nahezu konstant und sinkt oberhalb der Resonanz
rasch auf den Wert Null ab (vgl. Abb. 14 und 17 a).
Der Transmissions-Wechselstrom #p zur Sonde be-
ginnt dagegen bei der Frequenz Null mit dem Wert

Legt man an eine gewdhnliche Lancmuir-Sonde
neben der Sondengleichspannung U, noch eine
Hochfrequenzspannung upp an (Abb. 1), so flielen
zusitzlich zum urspriinglichen Gleichstrom I ein

Abb. 1. Prinzipschaltung der HF-Sonde.

Transmissions-Wechselstrom 71 und ein Zusatzgleich-
strom /_ iber die Sonde in das Plasma. Transmis-
sions-Wechselstrom i1 und Zusatzgleichstrom 7. zei-

* Diese Arbeit wurde als Dissertation der Universitdt Miin-
chen angenommen (Juli 1966) .

Null, sinkt oberhalb der Resonanz nur auf ein Mini-
mum ab und steigt bei noch héheren Frequenzen
wieder an (vgl. Abb.17 a).

Das Resonanzmaximum von Gleich- und Wechsel-
strom bei der Resonanzfrequenz f, ist auf eine
Reihenresonanz zwischen dem sich unterhalb der

** Gegenwirtige Adresse: Laboratoire de Physique des Plas-
mas, Ecole Royale Militatire, Briissel 4, Belgien.



